NAKAJIMA QUIVER VARIETIES

RYAN KANNANAIKAL

ABSTRACT. In these notes we will explore some properties of Nakajima quiver varieties. We will
also study the action of the framing torus A, on our quiver variety X. In particular how to compute
the torus characters of TX at a fixed point p € X4.
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1. BACKGROUND

If we let Q denote our quiver, then Qf denotes the framed double of our quiver. A representation
of this quiver, with dimension vectors v and w, is a collection of maps

(z,y,1,J) € @ (Hom (Vy(a), Vi(ay) x Hom (Vy(a), Vi(a))") x @D (Hom (W5, V;) x Hom (V;, W5)) .
acQ1 1€Q0
Since representations of a double quiver correspond to the cotangent bundle of the undoubled

quiver, intuitively the maps x, J correspond to the base space, and the maps y, I correspond to the
covectors.

We let
G, =[] GL(vi),
1€Q0
and similarly we let
Gy =[] GL(wi).
1€Qo
If we let
go = | Hom (Vi, Vi),
1€Q0
then our representation space R (Qﬁ,v,w) comes equipped with a symplectic structure, and a

moment map u: R (Qu, v,w) = go. If we let Z, = [go, gh,]L C g, be the fixed points of the coadjoint
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action. And if we let Z = u~%(Z,), we define

My = Z [, Gy = Proj @ C[Z] s
n>0

The map p descends to a map fi: My — Z,,.
Definition 1.1. A Nakajima quiver variety is a fiber of this map, Mg ,(v,w) =1 *(p) for p € Z,.
For most of our use we will be working with just the fiber over 0, in this case we let
Mo(v,w) = p1(0) /4 Go.

Similarly we define the space Mo(v,w) = p~(0) / G, = Spec C [~ 1(0)]
induces a projection map

Gy . .
. This construction

m: My (v, w) = Mo(v,w).

2. STABILITY

Our goal in this section is to relate the notion of (semi)stability in the GIT sense, to an appropriate
represenation theoretic notion of stability.

Lemma 2.1. Let m = (z,y,I,J) € R (Qﬁ,v,w) and let A: C* — G, be a one parameter subgroup
such that the limit mg = limy_,0 A(t).m exists. Let

v=v"
nezZ
be the eigenspace decomposition defined by A and consider the filtration
L yEl oy S pzll
Then
e FEach subspace V=" is (z,y)—invariant
e Im/c V>0
o V=l CkerlJ.
Definition 2.2. Let 0 € Z90, then a representation (x,y,I,J) €R (Qﬁ, v, w) is called 0—semistable
if for any subrepresentation V' C V', we have
e V' CkerJ = 60-dimV’' <0 resp.
e V' OoImI = 0-dimV’'<0.-dimV.

Theorem 2.3. Fiz 0 € Z20, and let xg the corresponding character for G,. Thenm € R (Qﬁ, v, w)
is xg—semistable if and only if the corresponding representation V is 0—semistable.

Proposition 2.4. For any Q, v, w there exists a finite set {o;} C N such that Mpy(v,w) contains
a strictly semistable point only if
(o7 0= 0,

for some 1.

Definition 2.5. A generic choice of 0, is one that is in the complement of these hyperplanes.
Theorem 2.6. Let 0 be generic, then every 0—semistable element m € p=1(0) is O—stable.
Corollary 2.7. If 0 is generic, and if Mg(v,w) is nonempty, then it is nonsingular.

Theorem 2.8. If 0 > 0 is generic, then (x,y,I,J) € R (Qﬁ,v,w) is semastable if and only if for

any subrepresentation V' C V with V' C ker J, then V = 0.
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3. SYMPLECTIC RESOLUTION

In an appropriate setting, we may interpret a Nakajima quiver variety as a symmplectic resolution
of singularities.

Definition 3.1. A point m € R (Qﬁ, v, w) is called regular if its orbit is closed and stabilizer is
trivial.

We consider M(“ (v, w) C My(v, w), the set of regular orbits.

Theorem 3.2. Let 0 be generic, and assume that M{™ (v, w) is nonempty. Then

T Mp(v,w) = Mo(v,w)

18 a symplectic resolution of singularities.

4. LAGRANGIANS

Since we are in the setting of symplectic geometry, it is important to identify the Lagrangians in
the picture. In this section we will identify them as subsets of the so called exceptional fiber. Recall

that
R(Q%v,w) =T"R (Q,v,w)

and so comes with a natural symplectic structure. For some point (z,y,I,J) € R (Qﬁ, v, w) define
a C* action by ¢(z,y,I,J) = (z,ty,tI,J).
Lemma 4.1. This C*action commutes with the G, action, and
* ¥f(w) =tw
o plpi(m)) =tu(m).

For any 6, the C* action descends to an algebraic action of C* on Mjy(v,w). The map
m: My — My is equivariant with respect to this action.
Theorem 4.2.
e For an [m] € Mo(v,w), lim_o[m] = 0.
e The only fixed points of C* acting on Mo(v,w) is [m] = 0.
e For [m] € My(v,w) the limit limy_,oo[m] = 0 exists only if [m] = 0.

Pick 6 generic so that Mg(v, w) is smooth, and let F = My(v,w)C” be the fixed points of this

action. By the theorem F C 71(0). Since Mgy(v,w) is smooth, and C* is reductive, F is also
smooth. Let F = [[F, be the connected components.

Definition 4.3. The exceptional fiber is L (v, w) = 7~ 1(0).

Theorem 4.4.

o L(v,w)=JLs, where L5 = {m € My(v,w) : limy_,oo t.m exists and is in Fs}.

e Fach L is a smooth connected locally closed Lagrangian subvariety in Mg(v,w).
For § > 0, and (z,y,1,.J) € 4~'(0) semistable, then

m € L (v,w) <= [ =0,z = (x,y) is nilpotent.
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5. TAUTOLOGICAL BUNDLES

We fix our dimension vector v, w and a generic stability parameter §. Then for each vertex in
our quiver, we get a pair of tautological bundles V; and W; of ranks v; and wj respectively on
our quiver variety X = Mpy(v,w). The bundles W; are simply the trivial rank w; bundle. Namely
W; = X x W;. Now to construct V;, we note that G, acts on /fl(O) x V; by the diagonal action.
Now since X = u~1(0) / G, is a G,—quotient, it follows that the induced bundle

X xa, Vi

is a rank v; vector bundle over X.

These tautological bundles are important because all vector bundles on X can be constructed
from the tautological bundles using Schur functions. Hence these tautological bundles serve as the
building blocks.

6. TOorRUS FIXED POINTS

There are a number of group actions floating around, so we begin by keeping track of them.
To start, we have the action of G, on R (Qﬁ,v,w) by g (z,y,I,J) = (gacgfl,gygfl,gl, Jgfl) .
Similarly we have the action of G,, on R (Qﬂ, v, w) by h-(z,y,1,J) = (x, y, Th™1, hJ). Finally we
have the action of C; on R (Qﬁ,fu,w) by k- (x,y,1,J) = (z,hy, k1, J). Note this last action scales
the covector part of R (Qﬁ, v, w). When we pass to the quiver variety X, we are quotienting out
the G, action, hence can not use it anymore. But the action of G, and C; are G,—equivariant
hence they descend to the quotient X.

Definition 6.1. A framing torus Ay is a torus contained in Gy, acting on X.

Not only does our framing torus act on the quiver variety X, it acts on the tautological bundles V;
and W; as follows. Given an element a € A, and (m,v) € V;, the action is by a - (m,v) = (a - m,v).
Similarly for a point (m,w) € W;, the action is a - (m,w) = (a - m,a - w). Note that the torus
A C Gy, hence it acts on Wj;. If we can find a fixed point p € X4, then we can restrict the action on
our tautological bundles to the fibers V; |p and W; |p. Since p is a fixed point, this action preserves
the fibers, in other words we get representations of our torus A,,.

A representation for a rank n torus A can be identified with its torus character as follows. If
we have a representation V of A, then the vector space V has the following decomposition over
characters of A.

V=P
X
The characters of A look like maps x: (a1,a2,...,a,) = [[; af‘i. Hence we have the correspondence

V& Zdim(Vx) a;‘f eC [al,al_lrr,
X

where C [aj, a;l] ™ denotes the Laurent polynomials in the a; with positive coefficients.

Example 6.1. The character a1 + as + a3 gets sent to the 8 dimensional representation C3 with
the element (a1, a9, as) being sent to the matriz

a
a2
az



Similarly a? + 2a§1 is the representation coming from the matrix

Now if we have some fixed point p € X4, and some equality V3 = V5 in K4(X), then char,(V;) =
charp(V2). So if we can find the characters of our tautological bundles, we can put these together
to find the characters at any vector bundle as long as we know how to construct it out of the
tautological bundles.

7. TANGENT BUNDLE OF QUIVER VARIETIES

As mentioned before all vector bundles on our quiver variety X can be built up from the
tautological bundles. The following is the formula for the tangent bundle TX. Letting K 4(X) be
the K-group of A—equivariant vector bundles on X. We begin by constructing the following virtual
bundle,

TY2X = "Hom (V;, W;) + > Hom (W;, Vi) = > Hom (V;, V).
i—j i i
We let =1 be the trivial line bundle with A—action coming from scaling by A~!.

Theorem 7.1. The following formula holds for the class of TX € Kx(X),
TX =T'?X + 1@ (TV2X)" € Ka(X).

8. TENSOR PRODUCT OF QUIVER VARIETIES
If we pick a decomposition of w = wy + Wz, then we can construct an action of C; as
bld,, &1dy, C Ay C Gy,

where A,, is the framing torus. If we let
M(w) = [T M(v, w),
v

then
M(w)Ce = M(wy) x M(ws).
We may also view this decomposition as follows
M@uw) = [ M@i,w) x M(va,wy).
v1+v2=v

This decomposition is what we denote as the tensor product of quiver varieties.

9. A; QUIVER

We consider the quiver Ay, which is the quiver with one vertex. If we fix our dimension vector
v = k, and w = n, then the representations of the framed double R (Qﬁ, k, n) consists of the maps
(I,J) € Hom (C”,Ck) x Hom (Ck, C").
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If we fix some generic § > 0 as our stability parameter, then by Theorem 2.8 we find that a
representation m = (I, J) € R (k,n) is (semi)stable, if and only if ker J = 0. Our quiver variety is
defined as the following GIT quotient,

Mo(v,w) = 7 1(0) /) Gy.

In particular this means, we only want to consider the stable points in the fiber of the moment map.
So we want u(m) = —IJ = 0. Hence the stable representations correspond to the maps (I, .J) such
that IJ =0, and J is injective. Then the map J is the choice of a k-dimensional subspace V' C C".
The fact that /J = 0 means that I |, =0, and so the map I induces a map y: C"/V — V. We may
canonically identify the collection of these maps as T}, Gr(k,n), and so the corresponding quiver
variety, which we denote by X = T* Gr(k,n). Similarly the space

Mo(n, k) = {y € Hom (CQ, C2) cy? =0and rky < n} )

Then the projection map m(y,V) = y. So we find that the fiber of this projection is 7=1(y) =
{(Vy) :Imy C V C kery}.
Let us specialize to the situation when k& = 1 and n = 2, then Gr(1,2) = P!, and so My(1,2) =
T*P'. Furthermore,
Mop(1,2) = {:L‘ = [(Z Z] c2? =0,1kz < 1} .

This is equivalent to trz = det x = 0 which corresponds to matrices

([0 7] sem}.

If we let Q = Spec Cla, b, ¢]/(bc — a?), this defines a quadric cone in C3, with a singularity. So the
map 7: T*P! — Q is the resolution of singularity. This is known as the Springer Resolution.

Let us now calculate the fixed points of the rank n framing torus A C G,, = GL,(C). Note that
this torus will scale the standard basis vectors e; of C™ by a;. So it is clear that the k—planes fixed
by this action will be those spanned by k of the standard basis vectors. There are (Z) such planes.
The fixed points will satisfy the equation

(aty...,an) - (I, J)=9g-(1,J)

for all (ay,...,ay), with g € G,. In other words we have the pair of equations
TA Y =gI
AJ =Jg L.

Since J has full rank, it can be put into column echelon form. For the above equations to hold for
all choices of A, it follows that I = 0. Hence there are (Z) fixed points in T Gr(k,n), corresponding
to each of the standard k—planes in Gr(k,n) with the cotangent fiber being 0.

Now we will compute the characters of V; and W; at the corresponding fixed points. Let
S C{1,2,...,n} be a subset with #S5 = k. Such subsets will index our fixedpoints. We fix some S
corresponding to our fixed point. Since there is only one vertex, our only tautaulogical bundles are
VY and W. We begin by calculating the character of V at the fixed point S. The element

a

a2
A=

Qn

acts on the point [(I, J,v)] as [(IA*I,AJ, v)] In our case at the fixed point S, I = 0. So this
simplifies to the point [(0, AJ,v)]. Now to calculate the scaling on v, we move our base point back
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to the representative (0, J) using the group element g|¢ which is the diagonal matrix with entries
a; for i € S. Then g|g - [(0, AJ,v)] = [(0,J, g|gv)]. Hence the character of V at the fixed point S is
D ies i

Similarly for W, the element A acts by A - [(0,1,w)] = [(0, AJ, Aw)]. Then we bring the
representative to the basepoint back with g|g to find that g|¢ [(0, AJ, Aw)] = [(0, J, Aw)]. So the
character of W at the fixed point Sis Y ;" a;.

Now let us again specialize to the case when k =1 and n = 2 so X = T*P'. We will compute
the character of A on T X at the fixed point p corresponding to the subset 1. Note that since the J
matrix gives our coordinates on the base, this corresonds to the point ([1:0],0) € P! x C. The
other fixed point corresponds to the point ([0:1],0) € P! x C. Now by Theorem 7.1, we have
the formula

T'?X =WV -V'aV.
Furthermore, TX = TY2X + h 1 @ (T1/2X)*. Since the character of V at p is a; and the character
of W at p is a1 4+ as. We have that the character of T X at the point p is given by

1 1 1 1 1
char (TX| ) = ( + ) al — () a; + ! ((al +ag)— —aq <)>
p al a2 a1 al ai

=y p 22

a2 a

Notice that we have a scaling that has a coefficient of A~!1. This corresponds to the scaling in the
cotangent direction, where as the scaling without the coefficient corresponds to the scaling in the
base space direction.
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